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1. Recall that for every set X, the cocountable topology is defined by

T = {∅, X} ∪ {G ⊂ X | X\G is countable}

(a) If X is an uncountable set, is the cocountable topology separable?

(b) * Show that the the cocountable topology is not CI .

2. Let X = R and K = { 1n | n ∈ N}. The K-topology TK is generated by the base

B = {(a, b) | a, b ∈ R, a < b} ∪ {(a, b)\K | a, b ∈ R, a < b}

(a) Show that B is a base.

(b) Let Tl be the lower limit topology on X. Show that Tl 6⊂ TK and TK 6⊂ Tl.

3. Let (X,T) be a topological space and A ⊂ X. Define the frontier (or the boundary) of A by

(i) Frt(A) = A ∩X\A; or

(ii) Frt(A) = {x ∈ X | for any U ∈ T with x ∈ U , we have U ∩A 6= ∅ and U ∩ (X\A) 6= ∅.}

(a) Show that x ∈ A if and only if for any U ∈ T with x ∈ U , we have U ∩A 6= ∅.

(b) Show that two definitions of frontier are equivalent.

(c) Show that A is open if and only if A = A\Frt(A).

(d) Show that Int(A) ∩ Frt(A) = ∅.

(e) Show that Frt(A) = ∅ if and only if A is both open and closed.

(f) * Give an example of a set A with Frt(A) 6= Frt(Frt(A)).
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